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Resit Exam
Series B

24 Feburary 2024

Please use separate sheets for di�erent problems. Please use single sheet for all questions.

Give reasons to your answers. Please provide the following data on each sheet

‚ name, surname and your student number,

‚ number of your group,

‚ number of the corresponding problem and the series.

Each problem is worth 10 marks. Each question is worth 4 marks.

Problems

Problem 1.

Let V “ linpp1, 1,´1,´4q, p1, 2,´1,´7q, p´3, 2, 3,´3qq be a subspace of R4.

a) �nd a basis A of the subspace V and the dimension of V ,
b) �nd coordinates of vector v “ p3, 1,´3,´6q relative to A.

Problem 2.

Let V Ă R4 be a subspace given by the homogeneous system of linear equations
"

x1 ` x2 ` x4 “ 0
2x1 ` 3x2 ` 3x3 ` 4x4 “ 0

a) �nd a basis A and the dimension of the subspace V ,
b) complete basis A to a basis of R4.

Problem 3.

Let

A “

»

–

3 2 1
5 4 2
0 t 1

fi

fl .

a) �nd all t P R such that matrix pA⊺q
8 is invertible,

b) for t “ 1 �nd A´1.

Problem 4.

Let φ : R3 Ñ R3 be an endomorphism given by the formula

φppx1, x2, x3qq “ px1 ` 2x2, 2x1 ` 4x2,´x3q.

a) �nd eigenvalues and bases of the corresponding eigenspaces of φ,
b) is endomorphism φ diagonalizable? is matrix Mpφqstst positive semide�nite? Justify your answers.

Problem 5.

Let
V “ tpx1, x2, x3q P R3 | x1 ` 3x2 ` 2x3 “ 0u,

be a subspace of R3.

a) �nd an orthonormal basis of V and an orthonormal basis of V K,
b) �nd the formula of the orthogonal projection onto V K.
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Problem 6.

Consider the following linear programming problem 2x2 ` x3 ` x4 Ñ min in the standard form with
constraints

$

&

%

x1 ` x3 “ 5
x2 ` x4 “ 1

x1 ` 5x2 ` x5 “ 10
and xi ě 0 for i “ 1, . . . , 5.

a) which of the sets B1 “ t3, 4, 5u, B2 “ t1, 3, 4u is basic feasible? write the corresponding basic solutions
for both sets,

b) solve the linear programming problem using simplex method. Start from the basic feasible set taken
from part a).

Questions

Question 1.

Let A,B P Mp2 ˆ 2;Rq be two symmetric matrices, that is A⊺ “ A,B⊺ “ B. If A is positive de�nite and B
is negative de�nite, does it follow that A ` B is inde�nite?

Solution 1.

No, it does not.
„

2 0
0 2

ȷ

`

„

´1 0
0 ´1

ȷ

“

„

1 0
0 1

ȷ

.

Question 2.

Let A P Mp2 ˆ 2;Rq be a matrix. Does it follow that

A “ ´A⊺ ðñ pA ` A⊺q
2

“ 0.

Solution 2.

Yes, it does.
pùñq trivial

pðùq Let A “

„

a b
c d

ȷ

. Then

pA ` A⊺q
2

“

„

pc ` bq2 ` 4a2 2 pc ` bq d ` 2a pc ` bq

2 pc ` bq d ` 2a pc ` bq 4d2 ` pc ` bq2

ȷ

.

In particular,

pc ` bq2 ` 4a2 “ 4d2 ` pc ` bq2 “ 0,

therefore a “ d “ 0 and c “ ´b. Note that
„

0 0
1 0

ȷ2

“ 0 but

„

0 0
1 0

ȷ

‰ 0.

Question 3.

If a ` b ` c “ 0 where a, b, c P R, does it follow that

det

»

–

a2 ab ac
b2 bc ab
c2 ac bc

fi

fl “ 0.

Solution 3.

Yes, it does.

det

»

–

a2 ab ac
b2 bc ab
c2 ac bc

fi

fl “ abcdet

»

–

a c b
b a c
c b a

fi

fl “ det

»

–

a ` b ` c a ` b ` c a ` b ` c
b a c
c b a

fi

fl “ 0.

Question 4.

Let A,B P Mp2 ˆ 2;Rq. Assume that A and B are simultaneously diagonalizable, that is there exists an
invertible matrix C P Mp2 ˆ 2;Rq such that matrices C´1AC and C´1BC are diagonal. Does it follow
that AB “ BA?



Solution 4.

Yes, it does. Since diagonal matrices commute

C´1ACC´1BC “ C´1BCC´1AC ùñ AB “ BA.

Question 5.

Let A,B P Mp2 ˆ 2;Rq be two matrices. If A and B are not invertible, does it follow that A ` B is not
invertible?

Solution 5.

No, it does not.
„

1 0
0 0

ȷ

`

„

0 0
0 1

ȷ

“

„

1 0
0 1

ȷ

.


